Abstract-We present a tracking controller for the rendezvous of a robotic chaser satellite to a free-tumbling target satellite in the presence of uncertainty in the predicted target motion, applicable in real-time. The maneuver to be controlled is modeled on the e.Deorbit scenario. The path followed by the chaser in the orbital frame is based on a prediction of the target motion and is provided by a motion planner. For the robust control of the maneuver, a linear tube-based robust model predictive controller is proposed, which will guarantee feasibility and stability for a predefined uncertainty in the target motion. The control problem is itself linear, permitting controller formulation using the linear framework. However, the relation between the uncertainties of the maneuver participants is nonlinear, which complicates the controller design. The controller is evaluated in simulation, the results of which depict its effectiveness for a realistic uncertainty boundary.
I. INTRODUCTION
Rendezvous and proximity maneuvers in orbit are historically critical operations. Such maneuvers include the approach and docking of a transport vessel to the International Space Station [1] and the, more challenging, recovery of a non-cooperative, tumbling satellite [2] - [4] . These maneuvers are carefully planned to ensure a successful docking operation, in view of the critical motion constraints [5] . The robotic capture and de-tumbling scenario of the e.Deorbit active debris removal mission is considered here [3] . In this scenario, the target debris is free-tumbling, non-cooperative, and large (launch mass 8211 kg), as shown in Fig. 1 . The rendezvous task of interest includes a predefined final relative position between the two spacecraft, referred to as the Mating Point (MP), which is suitable for grasping. More information on the mission is available in [2] .
Several aspects make this rendezvous task particularly challenging. We focus here on those relating to the feasibility of the motion constraints which are involved. Firstly, the collision avoidance dictates the control strategy for the approach maneuver to the tumbling target. Secondly, the resulting state and actuation of the chaser must be within the given operational boundaries. To tackle this constrained control problem, a motion planner was developed in [6] to provide a feasible reference trajectory to be followed by a suitable tracking controller.
The motion planner places certain guarantees on the feasibility of the trajectories that it produces. These trajectories are generated based on a prediction of the target motion, in turn based on the target dynamic model and estimates of its tumbling state [6] . However, substantial uncertainty is known to be present in the target dynamic model [7] , giving rise to motion prediction errors. The result of this is that the tracking controller needs to depart from the reference trajectory, and its feasibility comes again into question. We extend here the feasibility provided by the motion planner on a single trajectory to a region around it, in function of a given bounded uncertainty.
The uncertainty in the chaser motion is characterizable, despite a nonlinear relationship between the uncertain target motion and the corresponding alteration in chaser motion, with the aid of a Monte Carlo search. It can be argued that if the Monte Carlo search must be conducted, then the actuation constraints could also be verified; a standard PD or model predictive controller could thence be used. However, PD tracking control performance is generally lesser in applications like the one presented, particularly when operating near constraint boundaries, and the presence of uncertainty removes guarantees of stability from classical model predictive control methods [8] . We therefore propose a linear tube-based robust model predictive controller to provide a guarantee of feasibility and stability in the presence of the given uncertainty. The effectiveness of the controller is evaluated in simulation.
This paper is structured as follows: In the remainder of this Section, a note is made of related works. In Section II, the rendezvous maneuver and considered uncertainty are defined for the 3D case. In Section III, the controller is designed and formulated. In Section IV, the controller is simulated and the results are presented. Final conclusions are drawn in Section V.
The notation used is as follows: A bold letter is used to indicate a vector and a capital italicized letter indicates a matrix. Reference frames are defined by an origin and basis respectively as {O (·) , x (·) }. A superscript on the left hand side indicates the reference frame in which a vector is resolved.
A. Related Work
Numerous control approaches have been proposed for handling satellite rendezvous maneuvers. Historically, control systems have relied on classic PD-based methods [5] , and have more recently expanded into model predictive control (MPC) methods. In [9] , a rubber-band MPC method was proposed for proactive collision avoidance, using a mixed-integer linear program solved at each control step. An approach for the control of relative motion operations using linear quadratic MPC with dynamically reconfigurable constraints was developed for a two-dimension formulation of the rendezvous task in [10] and [11] , which was extended to include the third spatial dimension in [12] . It was shown in [13] that conventional MPC is not capable of handling additive disturbances in the rendezvous context, and a minmax worst-case disturbance robust MPC method was used to robustly satisfy constraints when the system was subject to additive and multiplicative disturbances. In [14] , a robust dual control MPC method was proposed, to guarantee constraint satisfaction under simultaneous (re-)identification and control of an uncertain system.
In [15] and [16] , the authors made use of tube-based robust MPC to account for navigation and thruster-timing errors, respectively. In [17] , the performance of a tubebased robust model predictive controller was compared to that of a linear quadratic model predictive controller in the rendezvous of a chaser to a stationary target under a persistent actuation disturbance. The results were validated in simulation and experimentally on the NPS-POSEIDYN testbed, and the applicability of tube-based robust MPC to real-time scenarios was confirmed. Each of these publications considered regulation control.
Tube-based robust MPC was introduced for regulation in [18] and [19] . The basis of the methodology is to robustly control an uncertain system through its nominal dynamics with an additional feedback term which rejects an additive disturbance. The technique was later extended for tracking in [20] and the references therein. While the methodology borrows from its robust MPC cousins, its key advantages are in its guarantee of robust performance and robust exponential stability for a pre-defined uncertainty, applicability to online and real-time control scenarios, and distinct design and implementation phases.
II. PROBLEM DESCRIPTION
In this Section, the rendezvous maneuver to be controlled is described in some detail, its dynamics modeled, and the constraints and relevant uncertainty defined.
A. The rendezvous maneuver
The rendezvous maneuver is here considered in the three spatial dimensions; the orientation dynamics of the chaser are not considered and are assumed to be suitably controlled such that line of sight with the target is maintained. Figure  2 illustrates the scenario, detailed here.
The target Envisat is tumbling at a rate of ω t deg/s, typically up to 5 deg/s; the target body frame {O t , x t } is centered on its center of mass (CoM). The final position of the chaser relative to the target, referred to as the MP, is described in the body frame by t r d . The CoM of the target is taken to be traveling on a circular low Earth orbit, and is placed in the origin of the orbital frame {O o , x o }. The chaser is modeled as a point mass with body frame {O c , x c } traveling in the same orbit as the target and phased a known distance from it at the commence of the maneuver. The chaser approaches the MP along the dotted path in Fig. 2 ; the current position relative to the target CoM is given by o x p (t). A reference trajectory is provided by a motion planner which describes the nominal chaser motion with respect to the target in the orbital and target body frames for a maneuver duration of 600 s. The latter will be tracked by the controller for collision avoidance purposes, as described below. To derive this trajectory, the motion planner makes use of nominal target angular velocity ω t,N and inertia I t,N values, where the subscript N indicates a nominal value. Uncertainty in these values results in uncertainty in the motion of the target, which can be described as an angular displacement affecting only the orientation of the target in the orbital frame. When all possible manifestations of the orientation uncertainty are considered, they form a spherical segment about the nominal state. Figure 3 illustrates this for a simplified orientation uncertainty in one orientation parameter. We are interested in the resulting uncertainty in the chaser state and actuation, which will be discussed in Section II-D.
We require that the chaser meets the MP, and the control problem is one of tracking, rather than regulation. We specify that the chaser is to track the relative motion between the target and the chaser as seen in the target body frame {O t , x t }, to maintain the collision avoidance properties of the reference trajectory. As described in the e.Deorbit scenario, on-board chaser sensors, such as LIDAR and star tracker are in place. Through these, the state of the chaser relative to the target and relative to inertial space can be determined. In this work, it is assumed that these measurements are available, but uncertainty in the sensor measurements are not considered.
B. Modeling the dynamics of the maneuver
The relative motion between the chaser and target CoM can be appropriately described by the Clohessy-WiltshireHill (CWH) equations in the orbital frame {O o , x o }. The formulation of the equations used here is as follows
The orbital rate r is assumed given and is in accordance with that used by the motion planner settings and u (·) refers to the acceleration provided by the respective thrusters of the chaser. The corresponding continuous-time model is given by
with 0 3×3 a (3 × 3) zero matrix and I 3 an order-3 identity matrix. The nominal state o z is made up of the position and velocity of the chaser with respect to the target, and o v is the nominal input actuation. This nominal model is discretized for the control method and is written in condensed form as
where o z is the current state, o v the input actuation, o z + the successive state, and A ∈ R n×n and B ∈ R n×m the discretized state and input matrices, respectively, from (2).
C. Motion constraints
Close-range rendezvous maneuvers are commonly said to occur within 100 m of the target in each direction [5] , [21] . For continuity with the guiding e.Deorbit scenario and the motion planner, the velocity states are constrained to 1 m/s in each direction. These form the general state constraints. The scenario outlines the use of one thruster for each translational dimension, three in total, which are aligned with the translational axes, and presents the actuation constraints as 65 N of thrust force available from each of the thrusters. Under the described dynamics, the constraint can be described as 0.04333 m/s 2 available acceleration from each thruster.
In this application, collision constraints need not be explicitly considered. The motion planner anticipates collision and plans the feasible trajectory accordingly. By requiring that the relative motion between the chaser and the target is maintained in the target body frame, this quality is preserved.
D. Characterizing the uncertainty
Here we describe the nature of the uncertainty in the chaser state, which is of interest to the control problem, and the method to derive it. The actuation uncertainty need not be explicitly derived here, as it is determined in the course of the controller formulation in Section III-A.
While the chaser is required to track the nominal relative motion as seen in the target body frame, the presented control problem is formulated in the orbital frame. When uncertainty in the motion of the target body is present, the relationship between the target body and orbital frames is altered, and the state of the chaser within the latter is directly affected.
The motion planner derives the reference trajectory using a selected nominal target inertia I t,N and an initial angular velocity ω t,N (t 0 ). Let there exist a disturbance to the inertia of the target δI t,N , the consequence of which is a disturbance in the angular velocity δω t (t) at time t > t 0 , such that the real inertia and instantaneous angular velocity are
This subsequently results in a perturbation in the orientation of the target in the orbital frame. If φ t,N (t) is the quaternion parameterizing the predicted orientation of the target body with respect to the orbital frame at time t, then a rotation described by quaternion δφ t (t) yields the true orientation of the body described by φ t (t).
The corresponding real position of the chaser in the orbital frame can be determined. From the given nominal trajectory and nominal target orientation in the orbital frame, the relative position in the target body frame is deduced from
where the subscript p indicates the position states and R to (·) is the rotation matrix from the orbital to the target body frame. To preserve the nominal relative motion with respect to the target body frame, the position of the chaser in
where the superscript indicates the perturbed nominal state. In subtracting o z p (t) from (5), an expression for the uncertainty o w p (δI t ) can be obtained for the chaser position states as a function of δω t (t). Using the same approach, but with the time derivative of the position state, the uncertainty o w v (δI t ) for the chaser velocity states can also be obtained. These combine to form the chaser state
The real system incorporating uncertainty can now be represented by
where o x is the true state, o u the robust actuation, o x + the successive state, o w the disturbance at this instant, and the matrices A and B as before.
Note that, for the purpose of the design of the tube-based MPC controller, the disturbance does not necessarily need to be known, but must reside within a known uncertainty boundary such that o w ∈ W ⊂ R n . We describe the method adopted to determine such a boundary for the chaser state uncertainty for a given reference trajectory and a given target inertia uncertainty. To do this a Monte Carlo search is conducted. One step of the search can be described as follows: A randomly perturbed target inertia I t is selected, and the Euler rotational dynamic equations of the target are integrated for the maneuver duration with initial conditions ω t,N (t 0 ). The maximum angle between the predicted orientation and the simulated one for this sequence is computed. To determine if the motion constraints have been violated, the new trajectory of the chaser motion relative to the target, expressed in the orbital frame, is derived using (5) . If motion constraints are satisfied, the trial is held as successful. Otherwise, the orientation perturbation is considered as too large. The upperboundary on the target orientation uncertainty, and thereby also that on angular velocity, is then derived from a sequence of random trials. The chaser state disturbance boundary then results as the difference between the states corresponding to the worstcase orientation disturbance and the corresponding nominal values. Note that in this process the related chaser actuation could also be computed through a straightforward inverse dynamics computation of (2) .
For the purpose of analysis in the next Section, we express the state disturbance bound as
which is a polytope symmetric about the origin, but it is not necessarily required that each dimension be limited equally.
III. CONTROLLER DESIGN AND FORMULATION
In this Section, the proposed controller is generally formulated for use with any reference trajectory. As the control of the system takes place entirely in {O o , x o }, the reference frame superscripts are dropped.
A. System definition and the tube of trajectories
The linear tube-based robust MPC methodology for tracking employed here is defined for an additive disturbance w, such that the nominal dynamics are given by (3) and the real dynamics are given by (6) . The robust states and actuations are constrained such that x ∈ X ⊂ R 6 and u ∈ U ⊂ R 3 , respectively, and the nominal states and actuations are subject to appropriately tightened nominal constraints z ∈X ⊂ X and v ∈Ū ⊂ U, respectively. The disturbance w may be unknown, but must be contained within a known boundary, given by a closed, compact polytope such that w ∈ W ⊂ R 6 [20] .
In this problem, the robust constraints are given by the constraints discussed Section II-C formulated as the polytopes
where the subscript a indicates actuation, and the most general case of the disturbance bound is the polytope described by (7) . The nominal constraintsX andŪ are determined in the following through appropriate constraint tightening [20] . The real trajectory is required to closely follow the nominal trajectory, achieved through the control law
The disturbance rejection gain K dr is a constant linear gain matrix which fundamentally determines the robustness properties of the designed controller and directly affects the size and shape of the robust positively invariant (RPI) set bounding the tube of permissible real trajectories [20] . The most straightforward way to choose K dr is to "manually" select it equal to the LQR gain for the nominal system. This approach can yield good results; however the robustness characteristics of the resultant controller are not explicitly addressed and no guarantee exists on the optimality of the design. To optimize K dr , it is determined through the solution of a linear program minimizing the size of the minimal robust positively invariant (mRPI) set such that the mRPI set and the tightened constraint sets are non-empty. More information about this optimization problem can be found in [20] .
The closed-loop dynamics of the system are then described by
By requiring that A K dr be Hurwitz, an mRPI set Z exists for the system such that A K dr Z W ⊆ Z, where indicates the Minkowski sum. This invariant property guarantees that the real trajectory lies within the tube defined by x ∈ z Z for all manifestations of disturbance w ∈ W. The tightened constraints are thence defined as
where represents the Pontryagin difference. This ensures that the system, controlled by (10), always satisfies the robust constraints.
B. Invariant set for tracking
In this Subsection, an invariant set for tracking is determined for use as the terminal set in the model predictive controller. In the methodology, the maximal robust positively invariant (MRPI) set is considered for an extended state. The use of this set yields an invariant terminal set and region of attraction, satisfying stability requirements, independent of horizon size for the controller which is as large as possible.
The extended state must first be defined: The feasible steady states and inputs for the nominal system are parameterized using the method described in [20] . The final nominal steady states z s and output final targets y t are related through
where θ ∈ R n θ is a parameterization vector and M θ and N θ are suitable matrices from the parameterization method. The extended state is then defined as x e = (x, θ) ∈ R n+n θ . The invariant set for tracking can now be described as follows:
Let K Ω be a control gain such that A e = A + BK Ω is Hurwitz and K θ = −K Ω I m M θ where I m is the identity matrix of dimension m. The constraint set associated with the extended system is given by
where the purpose of the gain λ M RP I will become clear shortly. The MRPI set is then Ω e ∞ = {x e |A i e x e ∈ X e,λ=1 ∀i ≥ 0} ⊂ R n+n θ . Due to the unitary nature of the eigenvalues of A e , the MRPI set is not finitely determinable but can be arbitrarily closely approximated such that
where λ M RP I is chosen arbitrarily close to 1.
C. Controller formulation
The tube-based model predictive controller, formulated here, is only slightly modified as compared to a standard MPC controller. The governing control law is of the form (10), which adds an actuation to the nominal actuation output from the nominal MPC controller to compensate for the disturbance to the system. The controller formulation can therefore be considered in two parts: the nominal MPC controller which provides the nominal actuation part v and the formulation of the disturbance rejection term K dr (x − z). The disturbance rejection term is straightforward, and the parameters have already been defined in the preceding sections. All that remains is to define the nominal model predictive controller.
The nominal model predictive controller makes use of the cost function 
The first two constraints are standard to model predictive control. The second two are specific to tube-based robust MPC: The third constraint requires that the predicted nominal state is within reach of the real state, as defined by the mRPI set. This effectively enforces the requirement that the trajectories lie within the tube of trajectories, enforcing exponential stability within the tube of trajectories. The fourth constraint ensures that the final state on the prediction horizon lies within the set of admissible final states. This optimization problem is solved online and yields an optimal stateẑ(x, θ), actuation sequencev(i, x, θ) for i = 0, . . . , N − 1, and artificial steady stateθ(x, θ), from which
is applied to the model.
IV. SIMULATION RESULTS
In this Section, the tube-based robust model predictive controller for the control of this rendezvous maneuver is evaluated. Successful maneuvers, failures, and the appropriateness of the control method are discussed.
For this evaluation, the reference trajectory and following parameters were provided by the motion planner:
T deg/s, and maneuver duration 600 s. The sampling period is 0.5 s and the prediction horizon N = 40 steps. The weighting matrices are tuned to Q = 10 5 I 6 , R = 100I 3 , and T = 1000P , using standard MPC tuning techniques.
The orbital and body frame motion of the reference trajectory of the chaser with respect to the target are given in Fig. 4 . The maneuver begins with the state To evaluate the controller, the case of an uncertainty within a boundary W of the form (7) is analyzed for a controller suitable for a maximum final angular disturbance of δφ t = 75 deg about an Euler axisê with a random direction. We analyze maneuvers both within and without the disturbance boundary. For compactness of this analysis, we therefore consider only perturbations in the target's angular velocity initial conditions, which give similar dynamic effects to those of inertia perturbation, as noted in Section II-D.
To this end, the target motion for a given perturbed angular velocity initial condition and resulting chaser trajectories in the orbital frame are obtained from 100 trials of the Monte Carlo search method in Section II-D. The state disturbance boundary relative to the chosen target orientation disturbance results to be given by the polytope (7), with (8) and (9) . The result is a noticeable shrinking of the velocity state and the actuation constraints, for example a 43% and 45% reduction, respectively, in the oẑ component. For the purpose of our evaluation in simulation, we need to mimic the measurements obtained from the sensors on the chaser for a disturbance within this boundary, to be fed to the controller. A final angular disturbance δφ t (t f ) of the target orientation with respect to the nominal was randomly selected within the boundary (20) , permitting an expected result to be anticipated and verified. A series of chaser state uncertainties o w was deduced for this target orientation disturbance, as in the procedure described in Section II-D, and applied to the simulation to obtain the real states o x. 
A. Expected trajectories resulting from perturbed angular velocity
Using (4), (5), and the inverse dynamics, the expected, model-based position, velocity, and actuation of the chaser in the orbital frame were determined for several angular velocity initial condition disturbances. The position and actuation results are presented in trajectories for a statistical selection of 100 angular velocity disturbances within the disturbance limit (20) . In each of these cases, the chaser reaches the final MP position. All trajectories fall within the tube centered on the predicted nominal trajectory. It can also be shown that the relative motion in {O t , x t } is preserved. These results were validated using inverse dynamics and the analytical solution of the CWH equations. The maximum tracking error was found to be 5.5 cm, occurring midway through the maneuver, then decreasing until it effectively disappears in the last half of the maneuver.
C. In the case of an ill-defined uncertainty
Tube-based robust MPC guarantees the stability and feasibility of any trajectory contained within the tube of trajectories Z, as a function of W, by imposing a constraint on the state such that it remains within this tube. The definition of the uncertainty boundary W is therefore important in qualifying what trajectories are considered successful. In the case of an ill-defined uncertainty, an otherwise dynamically reachable point will no longer be attainable and the maneuver will be unsuccessful in terms of the above criteria. In this Subsection, the response of the system to an uncertainty of 90 deg, located outside of the 75 deg boundary, is demonstrated. Figures 9 and 10 present the position and actuation responses, respectively. Under these conditions, the tube does not allow sufficient deviation from the nominal state and actuation to permit the 90 deg perturbation. The trajectory is required to remain within the tube, and the tube state constraint is saturated for much of this maneuver, resulting in the application of the maximum additional control effort. Fig. 9 T m. This disturbance applied under this characterization of the uncertainty fails each of the success criteria outlined in the preceding Section. While these results are undesirable, they are only so as a direct result of a poor uncertainty boundary definition. The tube constraint has done its job of limiting the deviation of the real motion of the chaser from the reference.
D. Method Discussion
All that remains is to discuss the appropriateness of the methodology to the task considered in this paper. It can be argued that if the chaser state uncertainty boundary must be derived by a Monte Carlo search, as in Section II-D, the determination of the tube in Section III-A may be an unnecessary effort. The inverse dynamics of (2) could easily yield an appropriate actuation constraint and PD or standard MPC methods could be applied. Furthermore, the uncertainty boundary must be determined for each reference trajectory provided by the motion planner. The controller design process, which is dependent on the definition of the boundary, must also be repeated for each new reference trajectory and the controller parameters suitably updated. However, PD controller performance is less desirable and suffers when operating near the constraint boundary, which is a real concern for some manifestations of w. The presence of uncertainty in the system removes any guarantee of exponential stability from standard MPC solutions, which is unacceptable to our desire of guaranteed stability and feasibility. Fortunately, the tube constraint returns exponential stability guarantees to this method. Should the need arise, the time between receipt of a new reference trajectory and the update of the controller is, in the current status of development, a matter of three minutes of computation. This in combination with the offline design approach and the relatively low computational expense of the method permit online application. The proactive nature, online applicability, and guarantees of feasibility make the presented method attractive over classical PD and standardand other robust MPC methods.
V. CONCLUSIONS
In this paper, we have presented a linear tube-based robust model predictive controller for satellite rendezvous maneuvers as described by the e.Deorbit scenario. The implemented methodology guarantees proactive collision avoidance and constraint satisfaction, resulting in successful, feasible rendezvous maneuvers for the given scenario, provided that the uncertainty in the motion of the target is within the designed boundary.
The resulting tightened constraints obtained in simulation can be fed back to an offline motion planner in an iterative manner to guarantee that it provides robust trajectories. As such, the proposed method allows for GNC design for a given uncertainty in the target tumbling motion. We have shown how uncertainty in the motion of the target can be expressed in terms of the motion of the chaser relative to the target, by imposing a collision-free tracking control strategy. We then showed how to design the proposed controller. We showed that, for a typical uncertainty, constraint tightening is substantial. Finally, we have shown that the controlled trajectory for any disturbance within the boundary lies comfortably within the tube of trajectories. For a disturbance not within the boundary, the controlled trajectory is limited to lie within the tube of trajectories, and the intended final state is not reached as the necessary actuation is not available.
